We study the constraint equations for the Einstein-scalar field system on compact manifolds. Using the conformal method we reformulate these equations as a determined system of nonlinear partial differential equations. By introducing a new conformal invariant, which is sensitive to the presence of the initial data for the scalar field, we are able to divide the set of free conformal data into subclasses depending on the possible signs for the coefficients of terms in the resulting Einstein-scalar field Lichnerowicz equation. For many of these subclasses we determine whether or not a solution exists. In contrast to other well studied field theories, there are certain cases, depending on the mean curvature and the potential of the scalar field, for which we are unable to resolve the question of existence of a solution. We consider this system in such generality so as to include the vacuum constraint equations with an arbitrary cosmological constant, the Yamabe equation and even (all cases of) the prescribed scalar curvature problem as special cases.
Introduction
While much is understood about constant mean curvature (CMC) solutions of the constraint equations for the vacuum Einstein, Einstein-Maxwell and Einstein-Yang-Mills, as well as a number of other such field theories [11, 17, 18] , much less is known about CMC solutions of the Einstein-scalar field constraint equations. This is because when the conformal method is applied in the Einstein-scalar case, the Lichnerowicz equation includes terms of a type which are not seen in these other cases, and which cause some measure of difficulty in the analysis of solvability. In an earlier paper [12] , we show how to overcome some of these difficulties in the asymptotically Euclidean case; here, we work with the Einstein-scalar field constraints on a compact manifold.
For the Einstein vacuum, Einstein-Maxwell, and other cases examined earlier, a complete picture is obtained: We know exactly which sets of CMC conformal data lead to solutions and which do not. This is not true for the Einstein-scalar field constraints: As we see below, there are some sets of conformal data for which it is not known whether the Lichnerowicz equation can be solved. On the other hand, we show that for large sets of Einstein-scalar conformal data, we can determine whether or not a solution exists.
Interest in Einstein-scalar field theories stems partly from recent attempts to use such theories to explain the observed acceleration of the expansion of the universe [29, 30, 31, 32] . Equally important, from the mathematical point of view, is the unique form that the Lichnerowicz equation takes for Einstein-scalar theories. We use the conformal method to derive the Einstein-scalar field version of the Lichnerowicz equation in §2, comparing it with the "usual form" that the Lichnerowicz equation takes. In §3, we state an extension of results concerning conformal transformations of a metric γ and the sign of the corresponding scalar curvature R(γ); the extension concerns the sign of the quantity R(γ)− |∇ψ| 2 γ , where ψ is the scalar field. Using this result, we then catalog in §4 those sets of Einstein-scalar conformal data for which either i) a solution to the Einstein-scalar Lichnerowicz equation exists, ii) a solution does not exist, or iii) we have not obtained a conclusive answer regarding existence, but have partial results. These results, which appear in Table 1 and Table 2 , lead to our main conclusions which are stated in Theorems 1 and 2 and in the partial results presented in §5.3 through §5. 6 . In §5 we provide the analysis of the Einsteinscalar Lichnerowicz equation which is required to establish these results including the reductions of our problem to various known results for the Yamabe and prescribed scalar curvature problem. We conclude in §6 with a discussion of how these results may be extended to allow for for asymptotically hyperbolic initial data.
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The Constraint Equations for the Einstein-Scalar Field Theories
The field variables for an Einstein-scalar field theory consist of a spacetime metric g and a real-valued 1 scalar field Ψ, both specified on an (n + 1)-dimensional spacetime manifold M . A particular Einstein-scalar field theory is specified by the choice of an action principle taking the form 2
where R(g) is the scalar curvature of g, dη g is its volume element, |∇Ψ| 2 g is the squared pseudo-norm of the spacetime gradient of Ψ taken with respect to the metric g and the potential V (·) is a given smooth function of a real variable. (For the massive Klein-Gordon field theory, V (Ψ) = 1 2 m 2 Ψ 2 , for a constant m specifying the mass.) Note that we do not require that V should vanish at Ψ ≡ 0. Thus, for appropriate choices of V , this gives rise to the presence of an arbitrary cosmological constant. We may also, by making a particular choice of V (Ψ) independent of Ψ, obtain the prescribed scalar curvature problem as a special case of the resulting constraint equations. Varying this Einstein-scalar field action with respect to the fields g and Ψ, we obtain the Einstein-scalar field equations corresponding to the given (and at this stage arbitrary) choice of V (Ψ):
(where G αβ is the Einstein curvature tensor). The coupling of a scalar field to the Einstein gravitational field theory does not add any new constraint equations to the theory. We have the usual Hamiltonian and momentum constraints (the G ⊥⊥ and G ⊥a equations ), but with added scalar field source terms. Writing these out in terms of the n + 1 decomposition fields on an n-dimensional spacelike hypersurface Σ {γ (the spatial metric),K (the second fundamental form, or extrinsic curvature),ψ (the scalar field restricted to Σ),π (the normalized time derivative of Ψ restricted to Σ)} we have
where all derivatives and norms are taken with respect to the metricγ on Σ. These constraints are to be solved for the Cauchy data (γ,K,ψ,π) on a chosen n-dimensional manifold Σ. Local well-posedness theorems [15] then guarantee that there is an (n + 1)-dimensional spacetime solution (M = Σ × R, g, Ψ) of (2)-(3) which is consistent with the given Cauchy data. The idea of the conformal method is to recast the constraint equations (4)-(5) into a form which is more amenable to analysis, by splitting the Cauchy data into (i) the "conformal data", which one can choose freely, and (ii) the "determined data", which is determined by solving the recast constraints. For the gravitational data, one achieves an optimal form 3 via the decomposition of the covariant 2-tensors
where the conformal data consists of a Riemannian metric γ = γ ab , a symmetric tensor σ = σ ab which is divergence-free and trace-free with respect to γ (so that σ is what is commonly referred to as a TT-tensor) and a scalar τ representing the mean curvature of the Cauchy surface Σ in the resulting spacetime; while the determined data consists of the positive function φ and the vector field W = W a . Here the operator D is the conformal Killing operator relative to γ, defined by (DW ) ab :=
where ∇ is the covariant derivative for the metric γ. The kernel of D consists of conformal Killing fields. This particular form of the decomposition has the virtue that, since
and
for any trace-free tensor B, it avoids the appearance of ∇φ terms and (if τ is constant) φ terms in the momentum equation, and it avoids |∇φ| 2 γ terms in the Hamiltonian equation.
In determining how to decompose the scalar field initial data (ψ,π), our goal is to preserve the three virtues just mentioned. In addition, since the gravitational decomposition has introduced (locally) n + 1 unknown functions (φ and the components of W ) as determined data, and since there are essentially n + 1 constraint equations to determine this data, in the scalar field decomposition we must refrain from introducing any new unknowns. One readily finds that the only scalar field decomposition which satisfies these objectives is the following:
(This corresponds to the "York scaling" of the initial data [37, 11] which provides for the decomposition demonstrated here.) Combining these decompositions of the gravitational and the scalar field data, we write out the conformal form of the constraint equations as follows:
As claimed, this system avoids derivatives of φ apart from the Laplacian term, and equation (13) involves no terms containing φ at all if τ is constant. To facilitate our subsequent treatment of (12) we make the following definitions. We set c n = n−2 4(n−1) , p n = 2n n−2 and let
We may then rewrite the Lichnerowicz equation (12) for the Einstein-scalar conformal data (γ, σ, τ, ψ, π) with a given vector field W satisfying (13) as
Our main interest here is the determination of which choices of the conformal data (γ, σ, τ, ψ, π) permit one to solve the conformal constraint equations (12)-(13) for the determined data (φ, W ) and which do not. (Recall that in this paper, we always presume that the n-manifold Σ is closed; i.e., compact without boundary.) We are particularly interested in handling the special complications which the addition of the scalar field causes, in comparison with the addition of other fields such as the Maxwell electromagnetic field. These complications arise exclusively in equation (12) , so our discussion here focuses on this equation. (See §4 for the application of our analysis to the full conformal constraint equations (12)-(13) in the uncoupled case, when τ is constant.) To aid the discussion, we include the version of this equation which arises for the Einstein-Maxwell field theory in 3+1 dimensions:
(Here the vector fields E and B, representing the electric and magnetic fields respectively, are included in the set of conformal data. For the Einstein-Maxwell system we have the additional constraints that these vector fields are divergence free.) We note that the form this equation takes for the Einstein-Yang-Mills system is essentially the same.
There are a variety of differences between (12) and (15) . One important distinction is the introduction of the potential V (ψ) in the coefficient of the φ n+2 n−2 term. For many choices of potential and scalar field, this results in a coefficient which does not maintain a constant sign on Σ. The methods currently available for solving (12) make crucial use of the signs of the coefficients (see §5). As a result we are best able to resolve the question of the existence of solutions under the assumption that the coefficient B τ,ψ does not change sign on Σ; however we also have partial results (see §5.6) when B τ,ψ changes sign. Also noteworthy, as far as the analysis of solubility is concerned, is the replacement of c n R(γ)φ as the linear term in (15) (which is also the linear, zero-order term in the vacuum Lichnerowicz equation) by the term c n (R(γ) − |∇ψ| 2 γ )φ in (12) . This replacement is important because while there are well-known criteria for ascertaining the possible signs of the scalar curvature function with a given conformal class of metrics, such results are not in the literature for the quantity c n (R(γ) − |∇ψ| 2 γ ). We remedy this in the next section.
3 The Yamabe-scalar field conformal invariant and the sign of R(γ) − |∇ψ| 2 γ In determining whether or not the Lichnerowicz equation, for a given set of vacuum Einstein conformal data (γ, σ, τ ), can be solved for a positive function φ, one relies strongly on two results: (i) the conformal covariance of the Lichnerowicz equation (specifically, one finds that there exists a positive solution φ for the conformal data (γ, σ, τ ) if and only if there exists a positive solutionφ for the conformal data (θ 4 n−2 γ, θ −2 σ, τ ) for any positive function θ); and (ii) the fact that every Riemannian metric γ can be conformally transformed in such a way that the scalar curvature of the transformed metric is either everywhere positive, everywhere negative, or everywhere zero.
One readily shows that for the Einstein-scalar Lichnerowicz equation (12), conformal covariance still holds in the appropriately modified sense (see Proposition 2 in §5 below). In order to have a useful analog of the second result we proceed as follows.
Remark 1
The discussion here is exactly analogous to the definitions and results for the usual Yamabe conformal invariant (which are recovered by setting ψ = 0 below). We have included the proof of Proposition 1 below for completeness; however the reader is referred to [22, 35, 34, 4, 5, 33] for the original formulations in the absence of a scalar field.
Recall that on a Riemannian manifold (Σ, γ), the conformal Laplace operator L γ acting on a smooth function u is defined by L γ u = ∆ γ u − c n R(γ)u. Given a smooth function ψ : Σ → R, we define the conformal scalar field Laplace operator L γ,ψ by
n−2 γ for some θ > 0 then, using the conformal covariance property of the conformal Laplacian, one may easily show that L γ,ψ satisfies the same conformal covariance, namely
for any smooth function u. Applying this when u ≡ 1 we obtain the formula exhibiting how c n R(γ) − |∇ψ| 2 γ changes under a conformal change of metric
One immediately recognizes the similarity between this and the corresponding formula for R(γ) alone. We define the conformal-scalar Dirichlet energy of u by
and the conformal-scalar field Sobolev quotient by
Using (17) ones easily sees that
We denote the conformal class of the metric γ by
The Yamabe-scalar field conformal invariant is then defined by
) is independent of the choice of background metric in the conformal class used to define it, and is therefore an invariant of the conformal class. Using Hölder's inequality we observe that
Proposition 1
The following conditions are equivalent:
(iii) For any metricγ ∈ [γ], the first eigenvalue, λ 1 , of the self-adjoint, elliptic operator −Lγ ,ψ is positive (respectively zero, negative).
Proof: We work in the positive case and follow each implication with remarks as to what modifications, if any, are required in the zero or negative cases.
We may take v > 0 to be a positive eigenfunction for −L γ,ψ with eigenvalue λ 1 , so that
This verifies that (ii) holds. Note that this same argument verifies the desired implication in the zero and negative cases as well.
(
For any function u ∈ H 1 (Σ) we compute its energy with respect to the background metricγ.
By (20) we see that the energy bounds the square of the H 1 -norm of u,
for some constant c > 0. Recall that the Sobolev embedding theorem asserts that
. From this we conclude that the conformal scalar field Sobolev quotient of u satisfies
In the negative case the desired assertion is established instead by choosing a constant test function, u = 1. It immediately follows that Qγ ,ψ (1) < 0 and hence
In the zero case, since Qγ ,ψ (1) = 0 we conclude that Y ψ ([γ]) ≤ 0. If here it were the case that Y ψ ([γ]) < 0 then there would exist a u with Qγ ,ψ (u) < 0. This is a contradiction since R(γ)−|∇ψ| 2 γ = 0 implies that Qγ ,ψ (u) ≥ 0 for all u. We therefore conclude that Y ψ ([γ]) = 0 as required.
, let v > 0 be the first eigenfunction of −Lγ ,ψ normalized to have L pn -norm equal to one. We then have
On the other hand
where λ 1 is the first eigenvalue. From this we conclude that λ 1 > 0 as desired. This argument shows that λ 1 (−Lγ ,ψ ) ≥ 0 in the case of a zero Yamabe-scalar field conformal invariant. There we must have λ 1 (−Lγ ,ψ ) = 0 in this case, since otherwise we would have a contradiction with the implication (iii) ⇒ (i) in the positive case.
For the negative case, we may choose a v ∈ H 1 (Σ) for which Qγ ,ψ (v) < 0 and normalize the volume ofγ to be one. Then by Hölder's inequality v 2 pn ≤ v 2 2 . Since
we see that
which establishes (iii) in this case as well.
2 Using the sign of the Yamabe-scalar field conformal invariant we may partition the set of pairs ([γ], ψ) consisting of a conformal class of Riemannian metrics and a scalar field on Σ, into three classes which we label Y + , Y 0 , Y − , and refer to as the positive, zero, and negative Yamabe-scalar field classes on Σ. For a given set of conformal data (γ, σ, τ, ψ, π) for the Einstein-scalar field constraint equations on Σ, the Yamabe-scalar field class plays an important role in determining whether the Einstein-scalar Lichnerowicz equation can be solved. This is because, as a consequence of Proposition 1, we may always perform a conformal transformation on the conformal data (γ, σ, τ, ψ, π) → (θ 4 n−2 γ, θ −2 σ, τ, ψ, θ − 2n n−2 π) in such a way that R γ,ψ (the zero order coefficient of φ in the Einstein-scalar Lichnerowicz equation (12)) is either greater than zero everywhere, equal to zero everywhere, or less than zero everywhere. It is easier to analyze solvability of (12) for this transformed data. Then, since it follows as a consequence of the conformal covariance of the Einstein-scalar Lichnerowicz equation (see Proposition 2 below) that the equation admits a positive solution for the original data if and only if it admits a positive solution for the transformed data, the consequences of this easier analysis holds for the original data.
Main results

Solving the Momentum constraint
The operator div γ • D appearing in (13) is a second order, self-adjoint, linear, elliptic operator whose kernel consists of the space of conformal Killing vector fields on (Σ, γ). It follows that for a given set of functions (φ, τ, ψ, π) we may solve (13) provided n−1 n φ 2n n−2 ∇τ − π∇ψ is orthogonal to this space. The resulting solution is unique if and only if the space of conformal Killing vector fields on (Σ, γ) is empty.
When the mean curvature function τ is non-constant we observe that, since the conformal factor φ appears in (13), the system (12)-(13) is truly coupled. Due to the presence of the critical exponent 2n n−2 in (13), even in the vacuum case, we do not know how to address solvability of this coupled system in general. Hence at present, in order to formulate a general existence result for the full set of constraint equations it is necessary to assume that we are in the constant mean curvature setting and we may therefore first solve (13) , under the restrictions given above, for the vector field W and then solve the conformal form of the Hamiltonian constraint (12) for φ.
Solving the Hamiltonian constraint
We recall from earlier work [17] that in determining which sets of vacuum CMC conformal data (γ, σ, τ ) permit the vacuum Lichnerowicz equation to be solved and which do not, we distinguish twelve classes of data, depending on (i) the Yamabe class of the metric, (ii) whether the function |σ| 2 is identically zero or not, and (iii) whether the constant τ is zero or not.
For the Einstein-scalar case, the classification of the data is more complicated, primarily because there are more relevant possibilities for the signs of the coefficients in (12) . In particular, we need to distinguish six different possibilities for the quantity B τ,ψ = c n n−1 n τ 2 − 4V (ψ) , which in general is non-constant even in the CMC setting. These categories correspond to whether B τ,ψ is strictly positive, greater than or equal to zero, identically zero, less than or equal to zero, strictly negative, or of indeterminate sign. Combining these six categories with the three Yamabe scalar field classes {Y + , Y 0 , Y − } and the two classes {A γ,W,π ≡ 0, A γ,W,π ≡ 0} which reflect whether the coefficient 4 A γ,W,π = c n |σ + DW | 2 γ + π 2 of the φ − 3n−2 n−2 term vanishes identically or not, we have a total of thirty-six classes to consider.
According to this division, there are six categories which occur when B τ,ψ = c n n−1 n τ 2 − 4V (ψ) changes sign. We have not determined whether we can solve the Einstein-scalar field constraints in these cases. Note that the above division is not "uniform". For most admissible choices of the potential V (ψ), and for most choices of the conformal data component ψ, B τ,ψ changes sign on Σ. However, for a number of the potentials V which arise in physics, there are reasonable restrictions on the choice of the conformal data which results in a fixed sign for B τ,ψ . For example, in the case of the Einstein massive Klein-Gordon system, V (ψ) = 1 2 m 2 ψ 2 . We may ensure that B τ,ψ has a fixed sign by assuming a corresponding inequality on the mean curvature function τ in terms of the mass and the minimum or maximum of the specified value of the scalar field ψ on Σ. In all but six of the thirty cases in which B τ,ψ has a sign we determine, in §5, whether the corresponding Einstein-scalar field Lichnerowicz equation can be solved (for a positive function φ) or not. In two of the remaining cases, we obtain necessary and sufficient conditions; for three of the remaining four cases we exhibit sufficient conditions for the existence of a positive solution, while for the remaining case it is not yet determined when a solution exists.
We collect the results of the analysis which we make in §5 in the following two tables, where "Y" indicates that the Lichnerowicz equation can be solved for that class of conformal data, "N" indicates that the corresponding Lichnerowicz equation has no positive solution, "PR" indicates that we have partial results and "NR" 4 The coefficient cn |σ + DW | 2 γ + π 2 involves the determined data field W as well as conformal data. It follows from analysis of the momentum constraint (13) , however, that cn |σ + DW | 2 γ + π 2 vanishes if and only if |σ| 2 γ + π 2 vanishes, and this quantity depends entirely on the conformal data.
indicates that for this class of initial data we have no results indicating existence or non-existence. 
The main theorems
Using Tables 1 and 2 , we state the following theorems. The first theorem establishes those situations in which we can prove that no solution to the Einstein-scalar field constraint equations exists.
Theorem 1 Assume that we are given a compact manifold Σ, and conformal data (γ, σ, τ, ψ, π) on Σ, with τ constant. If the relevant entry 5 in Table 1 or Table 2 is N, then there is no solution to the Einstein-scalar field constraint equations with respect to any metric in the conformal class of γ and with (ψ, π) as the initial data for the scalar field.
The second theorem establishes those cases in which we can prove that a solution to the Einstein-scalar field constraint equations exists.
Theorem 2 Assume that we are given a compact manifold Σ, and conformal data (γ, σ, τ, ψ, π) on Σ, with τ constant. If either (Σ, γ) admits no conformal Killing vector fields, or π∇ψ is orthogonal to the space of conformal Killing vector fields, and the relevant entry in Table 1 or Table 2 is Y, then we may find a positive function φ and a vector field W so that the conformal reconstructed data (γ,K,ψ,π), defined in equations (6), (7) , (10) and (11), satisfy the Einstein-scalar field constraint equations (4)- (5) . In the case that there are no conformal Killing fields, the resulting solution is unique.
For the remaining cases, in which we presently have partial results, we state and prove sufficient conditions for existence in §5.3 through §5.3 below.
The analysis of the Einstein-scalar Lichnerowicz equation
In this section we establish the validity of Tables 1 and 2 . Note first that in stating Theorem 1 and Theorem 2, and in the analysis given below, we do not indicate the degree of regularity needed for the conformal data, nor do we say anything about the regularity of the solution guaranteed to exist by the relevant theorem. Since optimizing regularity is not one of the central goals or concerns of this paper, we shall generally assume that all sets of conformal data are smooth, and it is straightforward to verify that the solutions produced are then smooth as well. Our results here easily extend to cases of finite degrees of regularity, e.g. conformal data sets in Hölder spaces C k,α (Σ) for k ≥ 2. Inspired by low regularity results for the Einstein evolution equation, a number of existence results for the constraint equations with low regularity assumptions on the data have been proprovenven in recent years [9, 23, 24, 12, 10] . In [12] results similar to those obtained here are established for the Einstein-Scalar field system on Asymptotically Euclidean manifolds. In that paper the results are formulated and proved in a low regularity setting. One could, if desired, obtain similar results for rough Einstein-Scalar field data on compact manifolds of the degree of regularity discussed in [9, 23] for the vacuum case. We note as well that while the sub and super solution theorem says nothing about uniqueness, we can generally obtain uniqueness for solutions of the Lichnerowicz equation using other techniques. (See, e.g., [17] .)
We have alluded to the conformal covariance of the Lichnerowicz equation a number of times. While the conformally formulated momentum constraint is not conformally covariant with respect to the splitting of the data we are employing here (see [26] for an alternative approach) there is an appropriate sense in which the Lichnerowicz equation, including W , remains so. Since we make repeated use of this property, we now state it formally.
Proposition 2 Let (γ, σ, τ, ψ, π) be a conformal initial data set for the Einsteinscalar field constraint equations on Σ. Ifγ = θ 4 n−2 γ for a smooth, positive function θ, then we define the corresponding conformally transformed initial data set by (γ,σ,τ ,ψ,π) = (θ 4 n−2 γ, θ −2 σ, τ, ψ, θ − 2n n−2 π).
LetW be the solution to the conformal form of the momentum constraint equation (13) with respect to the conformally transformed initial data set (for which we assume that a solution exists). Then φ is a solution to the Einstein-scalar field Lichnerowicz equation for the conformal data (γ, σ, τ, ψ, π) with W satisfying (13) with respect to this data
if and only if θ −1 φ is a solution to the Einstein-scalar field Lichnerowicz equation for the transformed conformal data (γ,σ,τ ,ψ,π) withW satisfying (13) with respect to this data
Note that Bτ ,ψ = B τ,ψ ; we henceforth use this without further comment. The proof of Proposition 2 is left to the reader.
In preparation for the proof of Theorems 1 and 2, we begin by rewriting equation (12) as
where F γ,σ,τ,ψ,π (φ) = R γ,ψ φ − A γ,W,π φ − 3n−2 n−2 + B τ,ψ φ n+2 n−2 (23) and the coefficients are defined as in (14) .
Non-existence results
Proof of Theorem 1: All of the cases in which we assert the non-existence of a positive solution to the Lichnerowicz equation are established by the following simple integration argument. Since ∆ γ φ = div γ (∇φ), integrating (22) over the compact manifold Σ yields
Thus in the cases in which F γ,σ,τ,ψ,π (φ) is either greater than or equal to zero or less than or equal to zero, but not identically equal to zero, we obtain a contradiction. 2 Note that similar non-existence results have been obtained in [12] for (12) on non-compact, asymptotically Euclidean manifolds. In that setting the integration argument given above is replaced by various forms of the maximum principle [16, 27] .
Existence results: Proof of Theorem 2
The key tool for proving the existence results asserted in Table 1 and Table 2 is the sub and super solution theorem. We state this here in a form particularly suited for our present purposes (and refer to [17] for a proof).
Theorem 3 If, for the chosen conformal data, there exist a pair of positive functions
, then there exists a solution φ of the Einstein-scalar Lichnerowicz equation (22) (equivalently (12) 
Existence via constant sub and super solutions
Proof of Theorem 2: We begin with the simplest case, namely that in which the Yamabe-scalar field class is zero and the coefficients A γ,W,π and B τ,ψ are both identically zero. Note first that A γ,W,π ≡ 0 implies π ≡ 0. Referring to (13) , this implies (in the CMC setting) that W is conformal Killing, DW ≡ 0 (of course we may have W ≡ 0). We may then conclude that σ ≡ 0 as well. The assumption that B τ,ψ ≡ 0 and τ is constant, implies that V (ψ) is constant. Regardless of these reductions, if we are working with a background metric γ for which R γ,ψ ≡ 0 then we see that the Lichnerowicz equation reduces to the Laplace equation, ∆ γ φ = 0. The relevant solutions are simply the positive constants which correspond to the observation that the equality R(γ) = |ψ| 2 γ is scale invariant. There are two additional classes in which we may prove existence by directly showing that there are constant sub and super solutions. Consider first the case in which the metric is in the negative Yamabe-scalar field class, A γ,W,π is identically zero, and B τ,ψ is strictly positive. One then easily verifies that for φ − = ǫ, a sufficiently small constant, we have 0 = ∆ γ φ − ≥ F γ,σ,τ,ψ,π (φ − ), so that φ − is a positive subsolution. Similarly, one sees that φ + = ǫ −1 , for ǫ sufficiently small, is a positive supersolution. Since φ − < φ + , Theorem 3 applies and produces a positive solution to (12) . One may easily check that the same approach also works when A γ,W,π is not identically zero.
In order to establish the other affirmative answers for the other cases of initial data, we will use the method presented by Maxwell in [23] for the vacuum setting.
Proposition 3 There exists a positive solution of the Einstein-scalar Lichnerowicz equation provided either
Proof: We begin by assuming, via Proposition 1 and Proposition 2, that we have chosen a background metric γ and associated conformal data so that sign(R γ,ψ ) = sign(Y ψ ([γ]) ).
Under our hypothesis we know that (R γ,ψ + B τ,ψ ) is non-negative and not identically zero; therefore there is a solution φ 2 to
Since A γ,W,π ≡ 0 and A γ,W,π ≥ 0, by the maximum principle we have φ 2 > 0.
γ and transforming the other pieces of the conformal data as in Proposition 2, we observe that the existence of a positive solution of the Einsteinscalar Lichnerowicz equation is equivalent to the existence of a positive solution to
We compute using (25)
Using this we see that (26) becomes
A constant φ + is a super solution of (27) if
Pick φ + such that is a sub solution of (27) . Moreover φ − ≤ φ + , so we may apply Theorem 3 to conclude the existence of a positive solution to (27) and therefore to the original Einstein-scalar field Lichnerowicz equation. This completes the proof of Proposition 3 and thus Theorem 2. There are two cases with a negative Yamabe-scalar field conformal invariant for which we can obtain partial results. The situation here is somewhat different from the partial results described in the next section in that we indicate the possibility of finding necessary and sufficient conditions for the existence of a positive solution to the Einstein-scalar field Lichnerowicz equation in these cases.
We begin by showing that the case in which A γ,W,π ≡ 0 can be reduced to the A γ,W,π ≡ 0 case; then the problem is simply one of prescribed R γ,ψ . Proof: We again follow the argument given by Maxwell [23] in the vacuum case. We first suppose that there exists such a φ 1 > 0. Since Y ψ ([γ]) < 0, we deduce that B τ,ψ ≡ 0. The Einstein-scalar field Lichnerowicz equation is equivalent to
Since B τ,ψ ≡ 0 and A γ,W,π ≡ 0 there exists a unique positive solution, φ 2 , of
2γ and let (σ,τ ,Ŵ ,ψ,π) be the rest of the conformally transformed initial data set. We compute, using the assumption that Rγ ,ψ = −B τ,ψ and (30),
So the Einstein-scalar field Lichnerowicz equation with respect to (γ,σ,τ ,Ŵ ,ψ,π) is
As before we may now verify the existence of positive, constant sub and super solutions for this equation. Let φ + satisfy Then one may verify that φ − is a positive, constant sub solution. Moreover, φ − ≤ φ + , so we conclude that there exists a positive solution to the Einstein-scalar field Lichnerowicz equation with respect to (γ,σ,τ ,Ŵ ,ψ,π) and therefore, by Proposition 2, to our original equation. This establishes the desired implication.
We now suppose that γ satisfies R γ,ψ < 0 and that the Einstein-scalar field Lichnerowicz equation with respect to (γ, σ, τ, W, ψ, π) admits a positive solution. We wish to solve
so thatγ = φ 4 n−2 γ satisfies Rγ ,ψ = −B τ,ψ . We denote the positive solution of the Einstein-scalar field Lichnerowicz equation by φ + . It holds that:
Thus φ + is a positive super solution of (31) . In order to find a positive sub solution we proceed as follows. Consider
Since R γ,ψ < 0, (32) has a unique solution for each ǫ. When ǫ = 0 the solution is φ 0 ≡ 1. Therefore, for ǫ sufficiently small, we may ensure that φ ǫ > 1 2 . We claim that φ − = ηφ ǫ for η sufficiently small is an appropriate positive sub solution. First pick η so that
So φ − is a positive subsolution with 0 < φ − < φ + . Therefore there exists a positive solution φ of (31). This completes the proof of Proposition 4. 2 We have now reduced the problem of solving the Einstein-scalar field Lichnerowicz equation for initial data with a negative Yamabe-scalar field conformal invariant and B τ,ψ ≥ 0 to the prescribed scalar curvature-scalar field problem, namely the existence of a conformally related metricγ = φ 4 n−2 γ which satisfies
In the special case that τ = 0, ψ ≡ 0 and 4V (ψ) = −F , this reduces to the prescribed scalar curvature problem
with F ≥ 0 but not strictly positive. A. Rauzy [28] has provided necessary and sufficient conditions for the existence of solution to this problem. In order to state his condition (using the formulation given in [23] ) we proceed as follows. Since we are in a negative Yamabe conformal class, we may first make a conformal transformation to a metric, which we again denote by γ, with constant negative scalar curvature R(γ) and such that Vol γ (Σ) = 1. We use the prescribed function −F to define a subset of H 1 (Σ):
Then there is aγ = φ 4 n−2 γ which satisfies (34) if and only if inf f ∈A
We conjecture that there is a natural extension of Rauzy's condition (35) to the scalar curvature-scalar field setting which also provides for necessary and sufficient conditions for the existence of a conformal metric satisfying (33) . We remark that for either of these problems, it is generally quite difficult to determine, for a given conformal class and prescribed function (or set of conformal data) whether Rauzy's condition (or its extension) is actually satisfied.
5.4
Partial results: reduction to previously known results for
Two exceptional cases occur if A γ,W,π ≡ 0 and we are in the positive Yamabe-scalar field class with either B τ,ψ is strictly negative, or less than or equal to zero, but not identically zero, on Σ. In this case we may rewrite (22) as
If φ is a positive solution to (36) then the metricγ = φ Other examples of existence in these cases may be obtained by appealing to results on the prescribed scalar curvature problem (see [6] for a partial survey). For example Escobar and Schoen have shown that if γ is not in the conformal class of the standard metric on the round sphere in three dimensions, any function f = −B τ,ψ is the scalar curvature of a conformally related metric provided sup f > 0 [13] . We note that we are not establishing any new results in these cases, but rather pointing out the relevance of these known results to special cases of the problem at hand. We expect that many of the known results for the prescribed scalar curvature problem may be easily extended to give results for this class of initial data if ∇ψ ≡ 0 and if V is appropriately chosen.
Partial results: new results when B τ,ψ < 0
We now consider the class of conformal data which have a positive Yamabe-scalar field conformal invariant, have A γ,W,π not identically zero and have B τ,ψ strictly negative. We have not to date determined whether there exists a solution for every set of data in this class. However, we have determined a condition on the data which is sufficient for the existence of a solution.
Our results for this class rely on verifying, for certain choices of the conformal data (γ, σ, τ, ψ, π) in this class, that the Lichnerowicz equation admits constant positive sub and super solutions, and therefore admits a positive solution. To verify the existence of these constant positive sub and super solutions it is sufficient to show that if we make a choice of γ in the conformal class for which R γ,ψ > 0, then there exists constant C + ≥ C − > 0 such that for all x ∈ Σ, F γ,σ,τ,ψ,π (C + ) ≥ 0 and F γ,σ,τ,ψ,π (C − ) ≤ 0. Multiplying F γ,σ,τ,ψ,π (φ) by φ 3n−2 n−2 and setting y = φ 4 n−2 , we see that it is sufficient to find constants m ≥ ℓ > 0 for which h(x, m) ≥ 0 and h(x, ℓ) ≤ 0 for all x ∈ Σ, where h(x, y) = B τ,ψ (x)y n + R γ,ψ (x)y n−1 − A γ,W,π (x), with B τ,ψ (x) strictly negative and R γ,ψ (x) strictly positive. If we assume that A γ,W,π (x) is non-zero for all x ∈ Σ, we see that h(x, 0) = −A γ,W,π (x) < 0; it follows that there exists arbitrarily small, positive y for which h(x, 0) < 0. Now examining the behavior of h(x, y) as a function of y ≥ 0 for fixed x, we see that h increases from h(x, 0) = −A γ,W,π (x) to a maximum at y 0 (x) = − n−1 n R γ,ψ (x) B τ,ψ (x) > 0 and then monotonically decreases (to −∞) for all y > y 0 . Hence there exists a constant, positive super solution m only if for each x, h(x, y 0 (x)) > 0. We readily verify that h(x, y 0 (x)) > 0 so long as
It follows that if
then indeed h(x, y 0 (x)) > 0 for all x ∈ Σ. If in fact h(x, y 0 (x)) > 0, then from continuity we deduce that for each x ∈ Σ there is an interval I(x) such that for y ∈ I(x), h(x, y) > 0. We therefore see that a constant super solution exists so long as ∩ x∈Σ I(x) is nonempty. We have proven the following:
Theorem 4 Assume that we are given a compact manifold Σ, and conformal data (γ, σ, τ, ψ, π) on Σ, with τ constant, and with the data satisfying the conditions
If either (Σ, γ) admits no conformal Killing vector fields, or π∇ψ is orthogonal to the space of conformal Killing vector fields, then we may find a positive function φ and a vector field W so that the conformal reconstructed data (γ,K,ψ,π), defined in equations (6), (7) , (10) and (11) , satisfy the Einstein-scalar field constraint equations (4)- (5) . In the case that there are no conformal Killing fields, the resulting solution is unique.
Partial results: when B τ,ψ changes sign
In this section we consider conformal data for which B τ,ψ = c n n−1 n τ 2 − 4V (ψ) takes both positive and negative values on the manifold Σ. This can occur if τ is non-zero and the scalar potential V (ψ) is a positive function. The results we have obtained thus far require that the Yamabe-scalar field invariant Y ψ ([γ]) be positive; see [10] for a discussion of the other Yamabe-scalar field classes. Thus we presume, after possibly making an initial conformal modification of our data, that R γ,ψ > 0.
We seek conditions on the conformal data sufficient to guarantee that the Lichnerowicz equation has a constant subsolution φ − and a constant supersolution φ + . Using the notation of section 5.5, we find it sufficient that there exist constants m ≥ ℓ > 0 such that are then constant sub and supersolutions.
We analyze separately the regions of Σ in which B τ,ψ is nonnegative, labeled Σ + and where B τ,ψ is non-positive, labeled Σ − (so that Σ = Σ + ∪ Σ − ).
(a) In Σ + := {x ∈ Σ|B τ,ψ (x) ≥ 0}.
We use the trivial inequalities R γ,ψ m n−1 ≥ R γ,ψ and A γ,W,π m n−1 2 ≥ A γ,W,π which (since A γ,W,π ≥ 0 and R γ,ψ ≥ 0 by assumption) hold for m ≥ 1, to note that sufficient conditions for ℓ + and m + to satisfy the inequalities (38)-(39) in Σ + are given by
Since the function h(x, y) is continuous at y = 0, and since h(x, 0) = −A γ,W,π (x), it follows that there exists a positive constant ℓ − satisfying (38) on Σ − so long as
One readily calculates that, for each fixed x in Σ − , the function h(x, y) achieves a maximum at
and further one has
Therefore the maximum h(x, y max ) is positive if and only n n n − 1 n−1 |B τ,ψ (x)| n−1 A γ,W,π (x) < R γ,ψ (x) n .
(42)
Remark 2 For n = 3, condition (42) corresponds to the well known condition for the 3rd order polynomial h to have 3 real roots:
27(B τ,ψ (x)) 2 A γ,W,π (x) < 4R 3 γ,ψ (x). Now if h(x, y max (x)) > 0, it follows from the form of the function h(x, y) and from the negativity of −A γ,W,π (x) (by assumption (41)) and of (B τ,ψ (x) (since x ∈ Σ − ) that h(x, y) has a pair of positive roots 0 < z 1 (x) ≤ z 2 (x). The numbers X(x) and Y (x) then satisfy the inequalities (38) and (39) at x so long as
Therefore, there exist constant numbers ℓ − and m − satisfying (38) and (39) on Σ − if, in addition to (41) and (42), we have
This leads to an existence theorem for the corresponding Lichnerowicz equation, and as a result leads to the following existence theorem for the Einstein-scalar field constraint equations, which is valid in the case of a positive Yamabe-scalar field class but which does not assume that B τ,ψ has a fixed sign on Σ.
Theorem 5 Assume that we are given a compact manifold Σ, and conformal data (γ, σ, τ, ψ, π) on Σ, with τ constant, Y ψ ([γ]) > 0, and with the data satisfying the following If either (Σ, γ) admits no conformal Killing vector fields, or π∇ψ is orthogonal to the space of conformal Killing vector fields, then we may find a positive function φ and a vector field W so that the conformal reconstructed data (γ,K,ψ,π), defined in equations (6), (7) , (10) and (11) , satisfy the Einstein-scalar field constraint equations (4)- (5) . In the case that there are no conformal Killing fields, the resulting solution is unique.
Theorem 5 is not optimal. It only gives sufficient conditions 6 for the existence of a solution, and leaves space for further research if physical problems motivate it.
6 The Einstein-scalar field constraint equations for asymptotically hyperboloidal initial data
Having discussed solutions of the Einstein-scalar constraint equations on closed manifolds here, and those which are asymptotically Euclidean in [12] , we wish to comment briefly on the remaining category of interest: initial data solutions which are asymptotically hyperbolic (or "hyperboloidal" [14] ). Intuitively speaking, a set of initial data (Σ, γ, K, ψ, π), with Σ noncompact, is hyperboloidal if , as one approaches each connected component of infinity in Σ, the metric γ approaches a metric of constant negative curvature, K approaches a pure (non-zero constant) trace tensor, and both ψ and π approach zero. Such behavior corresponds to that of initial data induced on a spacelike hypersurface which asymptotically approaches null infinity in an appropriate way in an asymptotically flat spacetime. One may define hyperboloidal data precisely via a conformal compactification of the geometry in terms of a defining function, and via the use of weighted function spaces (see [1, 2, 3, 19] ). We rely upon two key lemmas: The first [21] shows that the sub and super solution method holds on hyperboloidal geometries for equations of the Lichnerowicz type. The second [3, 7] shows that any hyperboloidal geometry is conformally related to one with constant negative scalar curvature. It follows from this second result that for hyperboloidal data, the function R γ,ψ = c n R(γ) − |∇ψ| 2 γ can always be conformally deformed to a strictly negative one.
We now see that, in determining which sets of hyperboloidal conformal data map to hyperboloidal solutions of the Einstein-scalar field constraint equations, we are effectively working with the first row of the Tables 1 and 2. In particular, it is very easy to show that if the scalar potential function V (ψ) is such that B τ,ψ is non positive or zero, then the data is not mapped to a solution, while a strictly positive B τ,ψ guarantees (via constant sub and super solutions) that the data is mapped to a solution. For non negative B τ,ψ , there are likely partial results to be found as well, but we leave these to be determined by the interested reader.
